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Abstract

Geometric structures underlying commutative and noncommutative integrable dynamics are ana-
lyzed. They lead to a new characterization of noncommutative integrability in terms of spectral
properties and of Nijenhuis torsion of an invariant (1,1) tensor field. The construction of compatible
symplectic structures is also discussed. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Inthe last few decades there has been arenewed interestin completely integrable Hamilto-
nian systems, whose concept goes back to the last century [25,26] and which, loosely speak-
ing, are dynamical systems admitting a Hamiltonian description and possessing sufficiently
many constants of motion, so that they can be integrated by quadratures. Some qualitative
features of these systems remain true in some special classes of infinite-dimensional Hamil-
tonian systems expressed by nonlinear evolution equations as, for instance, Korteweg—de
Vries and sine-Gordon [36].
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A relevant progress in the study of these systems with an infinite-dimensional phase
manifold M was the introduction of thieax representatiof23] which played an important
role in formulating thenverse scattering methodniversally recognized as one of the most
remarkable result of theoretical physics in last decades, and &fhS schemfl]. This
method allows the integration of nonlinear dynamics, both with finitely or infinitely many
degrees of freedom, for which a Lax representation can be given [17], this being both of
physical and mathematical relevance [34].

Most of the evolution equations admitting a Lax representation are generally Hamiltonian
dynamics on infinite-dimensionaleakly symplectimanifolds so that the natural arena, for
the analysis of their integrability, is represented by the phase space with its natural symplectic
structure. In terms of this structure the scattering data associated to the Lax operator has a
natural interpretation aaction—angleype variables [38].

A further progress, in the analysis of the integrability, was the important remark that
many of the previous systems are Hamiltonian dynamics with respect t@dwmwpati-
ble symplectic structures [18,27,28,36], this leading to a geometrical interpretation of the
so-calledrecursion operatof23].

This fact suggested that the integrability of nonlinear field theories could be naturally
explained in terms of mixed tensor fields, whose relation [23] with Lax operators is still
[10,11] unclear.

As a matter of fact, a description of integrability [10,13,14,16,21,24,28], which does not
depend in a crucial way on dimensionality, and so works both for systems with finitely many
degrees of freedom and for field theory can be given in terms of invariant mixed tensor field,
having bidimensional eigenspaces and vanishing Nijenhuis torsion [33].

The analysis of the integrability realized with the help of such tensor field leads to the
formulation of anintegrability criterion [10,13,14,24] which, for finite-dimensional systems,
is essentiallyequivalent to the classic Liouville theorem.

To be more specific, the mentionedsential equivalencaeans that the equivalence
holds fornonresonanHamiltonian systems, i.e. for completely integrable dynamics whose
Hamiltonian expressed in action—angle coordinates has a nonvanishing Hessian.

One reason for a completely integrable Hamiltonian system to be resonant may be that
the number of first integrals, defined on the entire phase space, is larger than one half of the
phase space dimension (of course, in this case not all the integrals are in involution and one
will have to deal with noncommuting sets of first integrals). This happens for the Kepler
dynamics which, however, is bi-Hamiltonian and has a recursion operator with the right
properties [29].

More in general, the analysis of symmetries [20] shows that generally one is faced with
a non-Abelian algebra corresponding, for Hamiltonian systems, to a non-Abelian algebra
of first integrals.

The integrability of such systems with finitely many degrees of freedom has been analyzed
in several papers [31]. There exist field dynamics, related to vector and matrix nonlinear
Schroedinger equation [19,22], possessing a honcommutative set of first integrals so that
it would be useful to have a noncommutative integrability criterion formulated in terms
of a recursion operator. In this paper such a criterion is presented. More specifically, in
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Section 2 integrability criteria for the commutative case are recalled. Section 3 is devoted
to noncommutative integrability. After a review of known results a new noncommutative
integrability criterion is presented. The Kepler dynamics is discussed as an example.

2. Commutative integrability criteria

The best known criterion of integrability goes back to the celebrated Liouville theorem
[25,26] and can be reported [2,3,5,30,35] as follows.

Theorem 1. If on a 2n-dimensional symplectic manifold are defined a Hamiltonian
dynamics and n functionally independent of first integréls. . ., f,, in involution

{fi,fi}=0 Vi, j=1...,n,
whose associated Hamiltonian fiel®s are complete, then the level manifolds
Mizy={peM: filp)=m,i=1... n}

are invariant with respect to the dynamics and each of their connected components is
diffeomorphic either tal' x R"~™ or, if compact, to a torug’”. Moreover, for every
point p € M near which m is constant, there exists a neighborhi@advariant under the
composed flow of the vector fiellls and canonical coordinated, . .., P,, O, ..., 0"),
whereQ?, ..., Q™ are angles, such that the equation of motion takes the form

P, =0, Q' =vi(P), 1<i<n.
A more general setting for the commutative integrability is the following [24,37].

Let M be a smooth2-dimensional manifold. Let us suppose we can fingctor fields
X1,...,X,, € x(M) andn functionsfi, ..., f, € F(M) with the following properties:

[Xi, X;]1=0, 1)

Lx, f/ =0, i,je(l... n} (2)
It can be shown that, if on an open dense submanifoltof

XiA--ANX, #0, 3

dff A A df" £0, (4)
any dynamical systemx on M which is of the form

A:Xn:viX,-, V=i, (5)

i=1

is completely integrable on the submanifold in which Egs. (3) and (4) are satisfied.
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If the fieldsX; are complete, by using thefunctionsf?, ..., 7", afamily of symplectic
structures can defined with respect to which the dynamics is Hamiltonian.

In the Liouville theorem [25,26] only the commuting first integrals and the symplectic
structure are given. Of course, the commuting vector fields are constructed from them. An
alternative integrability theorem, suggested by the analysis of integrable models in field
theory, can be formulated [10,13,14] using invariant tensor fields and it reads as follows.

Theorem 2(DMSV). LetA be adynamical vector field on a differential manifgld which
admits a(1,1) mixed tensor field T which
e isinvariant:

LAT =0,

e has a vanishing Nijenhuis torsion:
Nr =0,

e is diagonalizable with doubly degenerate eigenvalugsvhose differentialsla; are
independent at each point.
Then, the vector field is separable, completely integrable and Hamiltonian

Remark 3. We observe that the Hamiltonian character of the dynamiésnot assumed a
priori but it follows from the properties of the tensor field T, so that all dynamics, satisfying
the given hypotheses, result to be Liouville integrable. Integrability of dissipative dynamics
can be put in the same setting by assuniit®] different spectral hypotheses for the tensor
field T.

The last formulation has the advantage of being more appropriate to deal with dynamics
with infinitely many degrees of freedom (completely integrable field theories). We also
observe that the Lax representation, the powerful integration tool for such systems, may
not be useful in more than one space dimension since the inverse probigmantum
mechanicdias been solved only for one-dimensional systems.

2.1. From the Liouville integrability to invariant mixed tensor fields

Let us now study the problem of constructing invariant mixed tensor fields, with the
appropriate properties (also callegtaursion tensor field for a given Liouville’s integrable
Hamiltonian dynamic\. If H is the Hamiltonian function anfl, -} denotes the Poisson
bracket, we have

Af ={H, f}.

Letusintroduce in some neighborhood of a Liouville's toftisaction—angle coordinates
(Ji, ..., Ju, 9L, ..., ¢"), in which we have

9H
=Y dJ, A d¢”, A= ——.
@ Xh: WA Ee 9 0gh

Let us distinguish two cases.
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1. The HamiltonianH is a separable one:

H =Y Hi(Jp).
k
In this case a class of recursion tensor fields can be easily defined
d
T= Z,\h(.lh) <th ® ot dg” ® )

with the’s arbitrary and functionally independent. Indeed, the tensor fieédnvariant
and has vanishing Nijenhuis torsion and doubly degenerate eigenvalues.
2. The Hamiltonian has a nonvanishing Hessian:

et H #0
0Jy,0Jx

In this case, in the chosen neighborhood, setting
(J) oH
Vv
aJy

new coordinatesf/¢) can be introduced, so that the dynamics can be described with respect
to the new symplectic structure:

2
H h
Zdv A dg' = ZBJ 77 dJi A dy

by a separable Hamiltonian function
=3y 0h2
h
As before, a class of recursion tensor fields is then given by

3 3
T = th(u )<dv ® + dy” © - h)

h

By means of this construction it is possible to find the second symplectic structure for a
completely integrable Hamiltonian system. It is still an open problem if this is true also
in the remaining cases. In this direction one may find useful hints in [6,7,15]. The next
section is concerned with noncommutative integrable dynamics and, in particular, with
their characterization in terms of an invariant, mixed tensor field.

3. Noncommutative integrability criteria

As it has been observed in Section 1, if the number of independent first integrals is larger
than half the dimension of the symplectic manifold, they cannot be in involution anymore
and one will have to deal with noncommuting sets of first integrals. For a finite number of
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degrees of freedom a noncommutative generalization of Liouville theorem is the following
[4,31].

Theorem 4(MF1). A Hamiltonian vector field on a symplectic manif¢Jt, ») having a
noncommutative Lie algebtd of first integrals satisfying the condition

dim A + rankA = dim M,

where the rank ofd is the maximum of the rank of the matrisgy, = {f,, £}, is com-
pletely integrable, i.e. the joint level surfaces of the first integrals are invariant, and in a
neighborhood of each invariant surface one can define canonical coorditiatggp/q),

the x’s being the coordinates on the invariant surfaces, such that Hamilton’s equations
take the form

A =0, =, P, =0, ¢*=0, 1<i<r, r+l<a<n

with r = rank A. If these invariant surfaces are compact and connected, one can prove, as
in the commutative case, that they are tori, andthecan be chosen to be angle variables.
The canonical coordinates are called in this case “generalized action—angle variables”

The Liouville theorem can be recovered [5] as stated by the following.

Theorem 5(MF2). If M is compact, then under the hypotheses of Theorem 4, one can find
n= %dim M first integrals which are in involution

Even in this case, however, the honcommutative theorem, showing the full symmetry
of the system, remains of interest. A full account of the relevant geometrical structures
underlying the noncommutative integrability can be found in [8,9,15,32]. Here we just give
a short review of them.

A symplectic form onM at a pointp defines a skewsymmetric bilinear nondegenerate
form on T, M. If W is ar-dimensional subspace @f, M, the symplectic orthogonal
subspaceV!t = {X € TpM : w(X,Y) = 0VY € W} has dimension2— r and in
generalW N W+ 0.

Two cases are of particular interest< n andr > n. If r < nandW € WL, Wis
said to besotropic, and ifr > n andW 2> W+, W is calledcoisotropic If W is isotropic
and coisotropic{ = n), then it is called_agrangian A submanifold is calledsotropic,
coisotropicor Lagrangianif its tangent spaces are isotropic, coisotropic or Lagrangian,
respectively.

In the commutative case the level surfaces of the first integfatiefine an invariant
Lagrangian foliatiorsF; of M. The Hamiltonian vector field®; associated to the functions
fi are then a basis of commuting tangent vector fields for the leaves and can be used to
define local coordinateg’ on the leaves. These fields also commute with the Hamiltonian
vector fieldA which, consequently, can be expressedas v (f)X;. In a neighborhood

1 For semisimple Lie algebras, this definition coincides with the usual one.
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of a pointp € M, the set f/f) defines canonical coordinates and Hamilton’s equations
of motion take the simple following form:

K= fi=o0

In the noncommutative case the firstintegrélsl < a < 2n —r, still define an invariant
foliation, but the leaves now have dimensior: n and the Hamiltonian vector fields,,
associated with the first integrafs, are not all tangent to the leaves. However, the condition
dim A + rank.A = dim M ensures for each leafthe existence of a subalgeh#a which
commutes with4 on/. The Hamiltonian vector fields;, associated to a basis.4f, will give
themselves a basis of tangent vector fields ford will have the property (X;, X,)|; = 0,
sothateach leaf will be isotropi€ To obtain a set of canonical coordinate, in a neighborhood
of a point ofl and eventually of the whole &f one needs to exploit further properties of this
isotropic foliation. At each poing of / consider the subspa@g! < T, M and the resulting
distribution of symplectically orthogonal subspa¢§§l)¢. Sincew(X;, X,)|; = 0, this
distribution is generated for all leaves, by the vector fielgsand, furthermore, sinck,
satisfy the hypotheses of the Frobenius theorem, we obtain a second coisotropic foliation
F» whose leaves are themselves foliated by those of the first foligfiomhe regularity
of this foliation follows from the independence of the functigfysOne can now prove the
existence of canonical coordinat@s, x‘, p«, ¢%), such that the symplectic structure and
the dynamical vector field take the following form:

w=0dxr A dy! +dpy A dg®, A =v)X,

so that the equations of motion become

A =0, xi =, Pa =0, g% = 0.

The functions); describe locallyF,, and their associated Hamiltonian vector fields
X; define coordinateg’ on F1. The fieldsX; are independent and, sinegX;, X,) =
dx; (X,) = 0, they are tangent to the leavesAf, and thus commute among themselves and
with A. To understand better this canonical coordinate, one can actually observe that the
momentum map : M — A*isdefined byJ : x — &, € A*, whereé, (f) = f(x), f €
A, defines a fibration of a neighborhotitbf a leaf of » with fiberl, = J~1(&,), namely
a leaf of 1. The neighborhood can then be representedias< S x O, whereQO is a
region in the coadjoint orbit througf) of the Lie group corresponding td and S is a
linear manifold transverse 0. The symplectic structure restricted toO coincides with
the Lie—Kirillov—Kostant—Souriau symplectic forry,, ¢%) are canonical coordinates on
O andx; coordinates orf. It has been actually proved [15] that all what is needed for the
existence of such local canonical coordinates is the double foliation, namelytinats an
isotropic foliation such that the distribution of subspaces, symplectically orthogonal to the
tangent spaces to its leaves, is integrable.

21n particularw(X;, X;)|; = 0.
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3.1. Noncommutative integrability and invariant tensor field
Let us give now the following new characterization of noncommutative integrability.

Theorem 6. Let A be a dynamical vector field on a 2n-differential manifold which
admits a(1,1) mixed tensor field T, which
e isinvariant:

LAT =0,

e isdiagonalizable with only simple and doubly degenerate eigenvalues whose differentials

are independent at each poipte M,
o has the property

Nr(e,X,Y)=0 VX :X(p) € S(p),Y eDWM),

and for all 1-formse, S(p) denoting the sum of eigenspaces associated to the doubly
degenerate eigenvaluesBfp).

Then, the vector field is separable, completely integrable and Hamiltonian
LetAq, A2, ..., A, be the doubly degenerate eigenvalues@pndi, ..., uz, be the sim-

ple ones. Under the hypotheses, the tensor fietéin be written in the form

r 2n
T = Z)»i (e ® V' +eiyr @V + Z oty @ V7, (6)
i—1 a=2r+1

where thee's form a basis of eigenvectors @f and thed’s are the elements of the dual
basis. Thus,

Te = Aje, TQ-l-r:)MieH—r’ Tey = paly, 11, a>2r+1,
7Y =10, T = 0, TO% = ug®®, i<r, a>2r+1 (7)

The Nijenhuis torsion [33] of", defined by
Nr(e, X, Y,) = (o, Hr (X, Y)) (8)
with
Hr(X,Y) = [TX TY] + T?[X, Y] — T[TX Y] — T[X, TY], (9)
once evaluated on the basis vector fidlds . . ., e2,}, gives
Hr(ei,ej)) = (T — 1T — rj)lei, ej] + i — A j)[(Le;Aj)ej + (Lejhidei]
Hr(ei, eq) = (T = A)(T — pollei, ej] + (i — pa)[(Le; ta)ea + (Lo, 2idei],

wherei, j < 2r anda > 2r + 1, so that the conditions on the torsion imply the following
relations:

(T = A)(T — Aj)lei,e;] =0, (A —2j)ei(x;) =0,
(T = A)(T — pollei, ea] =0, e (q) = eq(X;) =0. (10)
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It follows that for any three vector fields, ¢;, eq,
[ei, e;] = ag + be; +ce, +dej,, [ei, eq] = f&; + 064, + hey.
Thus, the two vector fields; ande; ., belonging to the same eigenvallg satisfy the
relation
lei, eitr] = ciei + cigreiqr. (11)

Thereforeyi € {1, ..., r}, the vector fieldg;, ¢;, are a local basis of a two-dimensional
involutive distribution and, by Frobenius’ theorem, define a two-dimensional submanifold of
M. Inotherwords, they can be chosen so that, on each bi-dimensional manifold, coordinates
g!, n' can be found such that

d d
i = T i+r = —. 12
e oEi €i+ o (12)
In conclusion, relations (10), which directly follows from the Nijenhuis condition, ensure
the “partial” holonomicity of the basis, in which the tensor fi@lds diagonal.
On the other hand, since
da; =9/ ej(h) + 9%ea(hi) = ¥ej (), (13)
we have, by using Eq. (10),
Tdxr = Tﬂjej()»,') = ﬁj)ujej()\,-) = ﬁj)»iej()\,-) = A; dA;. (14)

Moreover,

2r 2n 2n
du’ =du, =) 0'ei(uo) + ) _0%alip) = ) _0%ea(iny).
k=1 a=1 a=1

By means of the above relations, it is now possible to choose a holonomic basis in such a
way thatT has the following expression:

,
T=) Ajle;®@0 +eyj @A)+ Cles @ dp” (15)
j=1
with
2n '
Co= Y naaleaw] ™, 9 =0
a=2r+1

In addition, in a neighborhood of each bi-dimensional submanifold we can choose coordi-
nates £/ x /i) such that the tensdf can also be written in the forfn

,
9 9 : 9
T=Y %[ @dh+-——@dx') +C— @ du,.
/X_;’<axi® i+ 5 ® x>+ oy, ® o

3 The symbols used for the coordinates have been chosen just to correspond to the geometric structures previously
described.
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In the chosen basis, the vector fieddcan be written as
A= A; 0 + @' 0 -+ E“ (16)
i i Cu
EYe ax! ¢
so that the conditio. o 7 = O implies thatA; = E“ = 0. It follows that

: 0
A:d)’(ki,x’)F. (17)
X

Symplectic structures can be found with respect to which the above vector field is Hamil-
tonian. Indeed, the closed 2-form

r 2n
0= ZGk(?»k, x5y dag A dyk + Z Sop (o, pp) ding A dug
k=1 o,f=2r+1

will be invariant if
9 )
—(G;®") =0
ax!

The nondegeneracy condition feris obviously expressed by

det| fu I ] [Gx # O.

k=1

Thisis equivalent to require thatdf’ (1;, x?) vanishes at some point then it also vanishes on
the whole integral curve af/d x’ through that point. If the vector field has no singular
points;* a particularly simple class of symplectic structures with respect to which it is
Hamiltonian is given by

2n

,
8k (M)
wzchk(kk Xk) dig A dyi + Z faﬂ(l/«ou Mﬂ) d,U«a/\dMﬁ,
k=1 ' a,f=2r+1

whereg, and f,g are arbitrary functions such that

. k
det]| fug | % £0
k=1

41f @ is identically zero for some inde we can define

2n

w—Zgz(k)dk AdX!‘*Z@(A dl Adxj + Z Sop(thas g) Aue A dug,
i X . f=2r+1

where the sum on the indéxruns over those eigenspaces for whigh = 0. WhenA has zeroes but does not
vanish identically, we have to exclude this closed subset from our consideration. These sets will be invariant under
the flow so that our analysis can be carried over in the same fashion as we have done on the complement.
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If the submanifoldu=constant is compact and connected, we can introduce, as usual,
action—angle coordinated () so that the vector field and the symplectic structuee,
in the coordinates/, ¢, 1) take the following form:

2n
) 9 "
A=AUDgs = Y AUDAR A+ D fup(ita, 1p) dia A dpg.
k=1 a,f=2r+1

In this case, the family of symplectic structures with respect to whigs Hamiltonian is
exhaustively described in [6,7,15]. The tensor fi€ldan be used to generate compatible
invariant symplectic structures according to

or(X,Y) = w1(TX Y) + w1(X, TY) + w2(X, Y)

with
r 1 2n
w1 = ;fk(]k) dJi A d(pk, wp = E 5_22:+1faﬁ(,ua, /Lﬁ) d,l,La A d,uﬁ.

3.1.1. From noncommutative integrability to invariant tensor fields

Let us suppose that we have a noncommutative integrable system according to Theorem
4. By the integrability analysis, we have the symplectic struatutedi; Ady’ +dpg Adg®
and the equations of motion

=0, x'=vw, pa=0 ¢“=0 1<i<r r+l<ac<n,
or, callingu the collection of thep’s andg’s, more simply
A =0, Xi = Vi fa = 0.

It is easily verified that the following tensor field
4 3 3 9
T=) A|l—®dh+—dx' |+ CI () — @ due.
/‘Zl ](a)\’l® l+axl® X>+ p(ﬂ)aup® H’O‘

is invariant and, for all diagonalizable matX} (1) = 87 s, has a vanishing torsion,
provided that the Hamiltonian function is separable in the form

H = Ki(}) + K2(u)
with

K1) =Y Hi(h).
i=1
If K1 is not separable but

32K
det ! #+0,
OA;OA;

the construction of the invariant tensor field follows strictly the lines of Section 2.1.
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This shows that also in the noncommutative case, an invariant torsionless tensor field can
always be found. Of course, such a tensor field always generates, by repeated application,
Abelian algebras of symmetries. Regardless of the vanishing of torsion on the whole space,
the noncommutative features are linked to the nondegenerate eigenvalues and, then, are still
described by the terr@y (14)(3/9u,) ® dits .

4. Example: the Kepler dynamics
4.1. A recursion operator in the commutative case

The vector field for the Kepler problem, in spherical—polar coordinate$ifor {0}, is
globally Hamiltonian with respect to the symplectic form

w = dei Adg', i=r 0.9, (18)

1

with HamiltonianH given by

2m r2 sinfy

In action—angle coordinatéd, ¢), the Kepler Hamiltoniar, the symplectic fornw and
the vector fieldA become

1 2 p? k
H=—<pr2+';—§+ 4 >+V(r), V(r)=—;- (19)

mié
H=—— = dJ, A de",
(Jr+Jz9+J<p)2 @ Xh: " v
2mié 9 9 9
A=——— ([—4+—=—+4+ ). 20
(Jy + Jg + Jy)° <8¢>1 * dp? * 3¢3> (20)

It has been shown [29] that the vector fields globally Hamiltonian also with respect to
the symplectic formws:

w1 =Y S dJy Adg*, (21)
hk
where the matriXs is defined by

1 J1 Jo J3
S=§ Jo—J3 J1+ J3 J3
J3—J2 Jo J1+ U2
We have
A = {H1, }1, (22)

with HamiltonianH; given by

2mié

H=-———
]}’+Jl9+]¢7

(23)
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and the new Poisson brackets

_ L1 (O dg  Bf dg
{f,g}l—%(s >h<3]h 3" WMM) (24)

In the original coordinateép, g), the symplectic formw is simply written as

= 3 4K A de, (25)

where the function¥; (p, ¢) anda! (p, ¢), defined by
K1 = 3[Jf + (J2 = 13)%](p. 9. = 3121 + J3)(p. ).
K3=3J[J1+ Ll(p.q), o =¢ (p, 9,

are considered as functionsmfg by means of the magy = J;(p, q), ¢’ = ¢'(p, q).Asa
consequence, a mixed invariant tensor fiéldefined for nondegeneratebyw(TX, Y)=
w1(X, Y) can be constructed.

The tensor field

0 0
T=) (s,’g dJ, ® an Tt (SHEdp" ® a—¢k> (26)

has double degenerate eigenvalues and vanishing Nijenhuis torsion, the last property being
equivalent to the compatibility of the symplectic structuteandw; .

4.2. Arecursion operator in the noncommutative case

The Kepler dynamics has five first integrals given by the components of the angular
momentum and the components of the orthogonal Laplace—Runge—Lenz vector.
In action—angle coordinatéd /¢) such first integrals are given by

J1, J2, J3, 91 — @2, 92 — 3.

By using the Delauney action—angle coordinates
I =71+ J2+ J3=Aq, I =J2+ J3 = pus, I3 = J3 = g,
a1 = @1 = X1, a2 = @2 — 1 = U5, o3 = @3 — Y2 = s,

we can construct the invariant torsionless tensor field

d
T=K1<W®d)hl+8—®d)(1> Zﬂa

5. Conclusion

It has been shown that also in the noncommutative case a criterion of integrability can be
formulated in terms of invariant “semitorsionless” (1,1) tensor field in close analogy with
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the commutative case. Moreover, it has also been shown that in such cases a new invariant
(1,1) tensor field can be constructed with a vanishing Nijenhuis torsion. By using either of
them, sequences of compatible symplectic structures can be constructed.
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